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ABSTRACT:  Unicycle is a robot that imitates a performance of a circus artist on a one-

wheeled self-balancing bicycle. This research assumes that this model is equivalent to two 

separated popular models: a two-wheeled self-balancing robot and reaction wheeled inverted 

pendulum. On each model, we build a PD controller. Thence, we present a structure of PD 

controllers to balance this model at the equilibrium point. We also build an experimental 

unicycle robot for the laboratory. Our method is proven to work well based on both simulation 

and experiment.  

KEY WORDS:  Unicycle; PD control; MIMO under-actuated; Balancing control; Self-

balance. 

1. INTRODUCTION 

Current research trend, balance a unicycle model (unicycle robot – UR) developing on 

both simulation and experiment [1]. They build a controller for the overhead disk to balance 

the roll angle for UR and focus on controlling the forward wheel movement. The above group 

has approximated the UR from under-actuated MIMO to SIMO form and applied a linearized 

feedback algorithm to control the UR to move forward while stabilizing the system balance. 

However, a complete control structure for the UR's roll and pitch angle has not been fully 

demonstrated. 

Based on the study [2], the LQR algorithm was successfully designed and tested on both 

simulation and experiment. In that study, the system was successfully balanced, and the vehicle 

could move backward and forward. That study successfully shows the balance of the system. 

UR in that study can move backward and forward. Some authors have also proposed a 

mathematical model of UR on an inclined plane [3]. The LQR method is proven again with the 

ability to control the UR in the inclined plane, in which only a special case [2]. Therefore, the 

LQR algorithm is simple and easy to be designed. However, it requires exact parameters and a 

mathematical model of the system. In most cases, the real model is a grey-box or black-box 

model. Thence, the ability of the LQR method is not common in real experiments. 

A UR model on the simulation is also balanced between PD-fuzzy and LQR conditions 

[4]. The above study proves that a conditional condition designed through expert experience 

(PD-fuzzy) can still achieve better control results than a conditional condition designed through 

https://doi.org/10.51630/ijes.vx.xxx


        Indonesian Journal of Engineering and Science, Vol. 4, No. 1, 2023 Nguyen et al. 

        https://doi.org/10.51630/ijes.v4i1.81  

14 

mathematics (LQR) if selected through a suitable number. However, the UR model in the above 

article is a UR with wheels with a width large enough to self-correct the vehicle's tilt 

corresponding to the roll angle. As such, it is essentially no different from a self-balancing two-

wheeler, not a true UR. 

A complete study of simulation is introduced  mathematical equation was introduced with 

three motors controlling the bicycle's roll, pitch, and yaw angles [5]. The system is stabilized 

in situ with linear algorithms such as LQR and PID on simulation. However, this study is only 

at the simulation level, not experimentally verified. Between PID and LQR, PID is utilized 

more in the industry [6]. However, the structure of PID is commonly used for SISO structures, 

while LQR can be used in SIMO or MIMO under-actuated structures. The disadvantage of the 

LQR method is that information on dynamic equations and system parameters must be known. 

In contrast, the PID method can be calibrated for a black-box model. 

To apply PID control for UR, in this paper, we propose to assume UR as two popular 

models: a two-wheeled self-balancing robot [7] and a reaction-wheeled inverted pendulum [8]. 

These models are SIMO systems and have been controlled well in both simulation and 

experiment by PID algorithm [9, 10]. Thence, we can apply two PID control structures for UR. 

Besides simulation, an experimental model is created to test this PID structure for UR. This 

research confirms the ability to use PD control for a MIMO under-actuated model, such as UR. 

Also, we examine to give a survey in calibration PD parameters. 

2. MATHEMATICAL MODEL OF UR 

The operation of UR in 3D space is described through the angle of inclination (roll), angle 

of incidence (pitch), and angle of rotation (yaw), as in Fig. 1. 

 

 

Fig. 1. Shows tilt (roll), incidence (pitch), rotation (yaw) angles 

The UR model structure is shown in Fig. 2. To keep the system from falling sideways (as 

shown in Fig. 2a), a flywheel construction is implemented to approximate the system to a 

reaction-wheeled inverted pendulum form. Similarly (as shown in Fig. 4a), to keep the UR 

from falling forward or backward (as shown in Fig. 2b), a motor is directly attached to the 

wheel to approximate the system as a self-balancing robot (as shown in Fig. 3b). 

 

https://doi.org/10.51630/ijes.vx.xxx


        Indonesian Journal of Engineering and Science, Vol. 4, No. 1, 2023 Nguyen et al. 

        https://doi.org/10.51630/ijes.v4i1.81  

15 

 
Fig. 2. Structural model UR 

 

Explanation of the parameters in Fig. 2: 

1- Reaction wheel 1 is used to stabilize the tilt angle. 

2- Motor DC 1 

3- Axis of DC motor 1 

4- Body of UR 

5- DC motor 2 to control the rotation of the wheel. From there, the angle of incidence is 

controlled by inertia.  

6- Transmission mechanism (usually a belt) between the DC 2 motor shaft and axis of wheel. 

 

The mathematical structure of UR is shown in Fig. 3, and the system parameters of UR are 

listed in Table 1. 

 

 
(a) 

 
(b) 

Fig. 3. Structural model UR 

According to [5], when the rotational angle is small, this angle and the motor mechanism 

to rotate UR are not related to other state variables. In addition, in that document, because 

dynamic system equations are too complicated, it is impossible to present them all. The 

formulas are described only through Lagrange's basic formulas. The angle of incidence and 

inclination state variables are also assumed to be very small. Therefore, dynamic equations of 

the system when operating near the equilibrium point. 

α= =p= p =ω= =β=   (1) 
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Table 1: Simulation model parameters UR 

Variables/ 

Parameters 
Description (unit) Value 

α Tilt angle of UR (rad)  

p Rotation angle of flywheel (rad)  

ω Wheel rotation angle (rad)  

β The angle of incidence of UR (rad)  

  Torque generated by DC motor 1, acting on flywheel (Nm)  

p  Torque generated by DC 2 motor, acting on the wheel (Nm)  

m1 Wheel weight (kg) 1 

m2 Body mass UR (kg) 3.7 

m3 Flywheel mass (kg) 2.66 

r1 Wheel radius (m)   0.12 

r2 The assumed radius of the vehicle body (m) 0.04 

r3 Flywheel radius (m) 0.15 

l2 Body length UR (m) 0.2 

l3 The length of the balance bar attached to the flywheel (if any). In 

this paper, the group does not use (m) 
0 

h2 Distance between wheel gravitational center of the body of UR and 

axis of wheel (m) 
0.22 

h3 Distance between gravitational center of flywheel center and body 

of UR (m) 
0.32 

s3 Distance between the top of UR and the center of the flywheel 0.15 

 

It would be abbreviated as follows: 

 

Mx G N+ =  (2) 
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( )2 2

55 13 23 33 2 1 2 2 2 12M J J J m rh m h r= + + + + + ; ( )2 2 2 3 3 3 3G g m h m h m s= − + + ; 

( ) ( )( )3 1 1 2 2 1 3 3 3 1G g m r m h r m h s r= − + + + + + ; 0 0
T

p   =    

System (2) is rewritten as follows to describe the dynamic equations of UR on simulation: 

 

 1x M N G−= −  (3) 

3. PD CONTROL 

PID control is commonly used in academia and industry. In the experiment, usually, the 

Ki component is ignored because this component is the accumulation of errors during 

operation. In the experiment, when the system starts to work, the initial instability of the system 

makes this "error accumulation" big over time. On the other hand, the PD structure (Fig. 4) is 

the same as the LQR structure. And,  LQRstructure can control an under-actuated MIMO 

system if the 'controllability' of the system is proven. Therefore, the PD controller is suitable 

enough to control the system instead of PID or LQR structures. 

 

 

Fig. 4. Structure of a PD Controller 

In this study, we consider that the UR consists of two separate SIMO systems, including: 

• The first system is the reaction wheeled inverted pendulum system in which the tilt angle 

is controlled by a flywheel (roll). The voltage is applied to the DC motor 1, creating a 

torque to stably control the two state variables of flywheel rotation angle ω and tilt angle 

α of UR (Fig. 3a). 

• The second system is the rotating wheel to control the angle of incidence (pitch). The 

voltage is applied to the DC motor 2, creating a torque to stably control the two state 

variables of wheel rotation angle and angle of incidence β of UR. This system is equivalent 

to the two-wheeled self-balancing robot (Fig. 3b).  

Considering system 1 in Fig. 3a, if α increases, τω should be decreased. Similarly, if p 

increases, τω should be increased. Thus, the structure of the PD controller for system one is 

built as in Fig. 5a, with Kp1, Kd1, Kp2, and Kd2 being positive parameters. Considering system 

2 in Fig. 3b, if β increases, it τp should be decreased. Similarly, if ω increases, τp should be 

decreased. Thus, the PD structure for system two is built as in Fig. 5b, with Kp3, Kd3, Kp4, 

and Kd4 as positive parameters.  

For the SISO object, tuning PD control parameters is relatively straightforward. However, 

when using combined PD blocks, as in Fig. 5a or Fig. 5b, the calibration for each PD block 

also affects the other PD blocks. Therefore, parameter adjustment is more difficult than 

calibration SISO block.  
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(a)  

 
(b) 

Fig.5. Structure of PD controller: (a) For system 1- (b) For system 2 

 

4. SIMULATION 

4.1. Simulation Condition 

We select the initial state variable values close to the static working point in (1) as follows: 

 

0.05; 0p p    = = = = = = =  (4) 

 

For the UR system described in (3) and the model parameters listed in Table 1, we survey 

the following cases (TH): 

Case 1: This is the standard case. Finding a set of PD controllers is difficult. Then, we use a a 

genetic algorithm to find a set that can balance UR well. Based on this basic set, experiments 

in cases 2, and 3 will be operated by trial–and–error tests to examine the calibration of the PD 

controller. By using a genetic algorithm, standard parameters in case 1: 

 

1 23.38; 1 0.24; 2 29.57; 2 2.03;

3 30.45; 3 2.89; 4 28.55; 4 0.99

Kp Kd Kp Kd

Kp Kd Kp Kd

= = = =

= = = =
 (5) 

 

Case 2: The parameters were the same as in (5), except that Kp1 was reduced to 15, compared 

to 19.98. 

Case 3: The parameters are the same as in (5), except that Kp3 is reduced to 20, compared to 

24.79. 

4.2. Simulation Results 

The simulation results at case 1 are to be compared to case 2 to compare system response 

when changing Kp corresponding slope angle weight α shown in Fig. 6. 
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(a) 

 
(b) 

Fig. 6. Comparison of system response between TH1 and TH2: (a)-Angle α; (b)-Angle β 

 

According to results in Fig. 6, decreasing Kp1 causes the overshoot of the tilt angle α to 

decrease from 0.1 rad to 0.06 rad and the settling time of α dropping from 3 sec to 2.8 sec. The 

settling time of β is around 5 sec, and this angle does not fluctuate significantly. In contrast, 

the response also demonstrates the relative independence of the two small SIMO systems. 

 

 
(a) 

 
(b) 

Fig. 7. Comparison of system response between TH1 and TH3: (a)-Angle α; (b)-Angle β 

 

According to the results in Fig. 7, decreasing Kp3 causes a small overshoot reduction in 

the angle β, from 0.09 rads to 0.08 rads, while the settling time remains unchanged.  

Thence, changing Kp1, and Kp3, which corresponds to the state variables α and β, also 

has the same effects as PD tuning in the theory of controlling the SISO system: 

increasing/decreasing Kp will increase/decrease overshoot, and settling time is longer/shorter. 

The tilt angle is stabilized after 3 sec (Fig. 4a), and the reaction wheel move to stabilized 

position after vibration 0.3 rad (Fig. 6a). Then, the PD controller in Fig. 3a controls well UR 

when we focus on the model in Fig. 2a. Main purpose of this control is the tilt angle α. Thence, 

calibration is mainly Kp1 and Kd1 while keeping Kp2 and Kd2. 

Angle β is stabilized after 5 sec (Fig. 4b), and the angle of the wheel of UR is also stabilized 

after the same settling time. The wheel's vibration angle is 0.04 rad (Fig. 6b). Therefore, the 

PD structure in Figure 5b has successfully controlled the UR when we regard it as a two-

wheeled self-balancing robot in Fig. 3b. The main goal in this control is β. So, PD calibration 

mainly focuses on Kp3, Kd3 and keeping Kp4 and Kd4. 
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(a) 

 
(b) 

Fig. 8. Comparison of system response in case 1: (a)-Angle α; (b)-Angle β 

We tried to change Kd in controllers in Fig. 3, but no exact results were generated. Thence, 

calibration of Kd is not obtained through this simulation. We mainly use a genetic algorithm 

in simulation or trial-and-error tests in an experiment to get control parameters. Then, we 

calibrate Kp for the most focused variables. Increasing Kp makes the system more vibrated. 

But, if Kp is too small, the control signal is not big enough to control the system to the 

equilibrium point. When we obtain a good set of PD controllers, the calibration is just around 

that set.  

5. EXPERIMENT 

5.1. Experimental Model 

Since system (2) has been linearized, simulation can be performed on that linear model. 

However, because the model is linear instead of nonlinear form, the reliability of the simulation 

is affected. Then, real experimental results are good to implement for simulation.  

 

 
(a) 

 
(b) 

Fig. 9. Experimental model of UR: (a) Real image; (b) SolidWorks image 

The following is a list of explanations for the model structure in Fig. 9b: 

• DC motor 1 drives the flywheel. An encoder is installed on the motor to track the flywheel's 

rotation. 
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• Control variable tray board (Arduino MEGA 2560 board), L298 power board (with 2 

channels for 2 motors), 2 MPU6050 sensors for angle of incidence and inclination 

measurement, HC05 board for signal transmission. 

• Flywheel. 

• Belt-based gear transmission from the wheel shaft and DC motor shaft 2. 

• Wheels. 

• Driving wheels powered by a DC motor. An encoder is integrated inside the DC 2 motor 

to track the wheel's rotation. 

Figure 10 below shows the hardware configuration of the UR hardware system control. 

 

 

Fig. 10. Configuration of the entire UR system control system 

5.2 Experimental Results 

A trial-and-error test is utilized due to the unknown system parameters of each model to 

find PD control parameters in the experiment. Through simulation, Kp is the main component 

that should be calibrated. Thence, we only focus on Kp in the experiment. Also, angles α and 

β are variables that will be mainly controlled. These variables correspond to Kp1 and Kp3. 

Through the trial-and-error test, we selected the following sets of parameters to make the 

system stable at the equilibrium point: 

 

1 2; 1 0.2; 2 0.06; 2 4; 3 4; 3 1; 4 6; 4 0.9Kp Kd Kp Kd Kp Kd Kp Kd= = = = = = = =  (6) 

 

The experimental results corresponding to the control parameters in (6) are shown in the 

figures: Fig. 11a, Fig. 12a, Fig. 13a, and Fig. 13b. We can see the PD controller, through trial 

and error, has successfully controlled the experimental UR. The oscillation of the tilt angle is 

less than 10 degrees (Fig. 11a), and the incident angle's oscillation is less than 15 degrees (Fig. 
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12a). Both angles α and β fluctuate around position 0. UR stands upright, not falling. From Fig. 

13a, the flywheel swings back and forth around position 0 so that balance of the system does 

not fall sideways. However, tends to shift to the left (following the dimensional convention of 

Fig. 3a). This can be explained by the system's center of gravity beings deflected to the right 

during mechanical fabrication, which is not completely accurate. Correspondingly, in Fig. 13b, 

the wheel also moves continuously, and UR tends to move forward. 

On the basis of the standard set of PD parameters in (6), the parameters Kp1 and Kp3 are 

adjusted to confirm the examination of the simulation. The failure to correct Kp2 and Kp4 is 

explained that the designer did not consider the flywheel rotation and wheel rotation angle in 

balancing the system. The response results of the inclination angle and incidence angle are 

shown in Fig. 11b and Fig. 12b, respectively: 

In Fig. 11, increasing Kp1 from 3 to 5 increases the fluctuation of the tilt angle, but the 

system remains stable. When increasing Kp1 to 7, the system fluctuates strongly, and UR 

becomes unstable (no simulation results are shown in this paper). However, if Kp1 is reduced 

to 1.7, the tilt angle is also unstable. Thus, increasing Kp1 will make the system tilt angle get 

more oscillation. Increasing it too much will cause instability. The reduction of Kp1 makes the 

tilt angle stable and less fluctuating. However, the decrease of Kp1 too much makes the control 

signal not strong enough to stabilize the system in time. Therefore, the selection of Kp1 needs 

to be chosen appropriately. 

In Fig. 12, increasing Kp3 from 10 to 15 increases the fluctuation of the incident angle 

state variable, but the system remains stable. When increasing Kp3 to 16, the system oscillates 

strongly and becomes unstable (no simulation results are shown in this paper). However, if 

Kp3 is reduced to 8.5, the angle of incidence becomes unstable, and the system falls to the 

front. Thus, increasing Kp3 will make the incident angle easier to oscillate. Increasing it too 

much will cause instability. Reducing Kp3 makes the angle of incidence more stable, and less 

oscillating. However, the reduction of Kp3 too much makes the signal not strong enough to 

stabilize the system in time. Therefore, the selection of Kp3 also needs to be chosen 

appropriately. 

 
(a) 

 
(b) 

Fig. 11. Response to tilt angle (from MPU6050): (a)-With Kp1=3; (b)-With Kp1=5 

 
(a) 

 
(b) 

Fig. 12. Incident angle response (from MPU6050): (a)-With Kp3=10; (b)-With Kp3=15 
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Fig.13. Corresponding response of the UR from the corresponding encoders with the 

reference parameters in (6): (a)- Flywheel angle p; (b)-Wheel angle 

6. CONCLUSION  

In this paper, we propose a method of PD control to balance UR not falling. By considering 

UR as the combination of two other SIMO models: a two-wheeled self-balancing robot and a 

reaction wheel inverted pendulum, two structures of PID controllers are combined with 

balancing well UR. Simulation results confirm the ability of our method. Besides, we present 

an experimental model of UR for real tests. And, Based on this real model, our PD method is 

proven to work well through experiments. The proportional parameter (Kp) calibration is 

examined, and the rules of adjustment are confirmed to be the same in both simulation and 

experiment. Our PD structure can be considered a solution for controlling MIMO under-

actuated systems.  
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